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ABSTRACT 

Let  x(tl  be  a  Wiener  process  with  drift  v  and 
variance  1  per  unit  of  tine.  ID r  testing  Hi  u<  0 
vs  Asv  >  0  with  the  loss  function  |u|  If  the  wrong 
decision  is  wade  and  0  otherwise,  c  coat  of  observation 
per  unit  tine  and  u  has  a  prior  distribution  which  is 
nornal  with  wean  0  and  variance  cj,  we  followed  an 
idea  of  Blckel  and  Yahav  to  obtain  e  lower  bound  for  the 
Bayes  risk  end  showed  that  this  lower  bound  is  strict  as 
Og  *  •  for  all  c. 


Key  Words:  Sequential  tests,  S.P.R.T,  Bayes,  stopping 

tines ,  lower  bound,  asynptotlc  expansion. 
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Introduction  t  Let  «{t)  be  a  Wiener  process  with 
drift  g  and  variance  l  per  unit  of  tine.  Chernoff 
121  considered  the  following  p rob lew ,  test 


fit  |i  <  0  VS  At  v  >  0 


with  the  loss  function  | u |  if  the  wrong  decision  is 
node  end  0  otherwise,  c  cost  of  observation  per  unit 
tine  end  u  has  e  prior  distribution  which  is  nonwl  with 
nean  u0  and  variance  oj.  Chernoff  tJI  showed  that 
the  Bayes  risk 
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By  considering  the  above  testing  problem  with  the 
additional  information  of  the  magnitude  of  u,  Bickel 
and  Yahav  (1)  obtained  a  lower  bound  for  the  Bayes  risk 
for  the  case  of  u  having  the  improper  prior  distribution 
and  conjectured  that  the  lower  bound  can  be  attained  as 
ci  0.  In  this  note  we  assume  that  u  has  a  normal  prior 
distribution  with  mean  0  and  variance  o2.  By  using 
similar  techniques  as  in  Bickel  and  Yahav  (1),  we 
obtained  a  lower  bound  for  the  Bayes  risk,  then  showed 
that  this  lower  bound  is  not  asymptotically  achievable  as 
Cq  -  •  for  all  c'0. 

2.  Lower  Bound  For  Bayes  Risk :  From  Chemoff  [31, 
the  posterior  cost  of  wrong  decision  is  given  by 

-1/2 

(2.1)  Yt  -  <t*o“2)  |  ♦  (a)  -  |  o  |  ♦  (- |n  | )} 

-1/2 

where  o  -  (t+Op2)  X(t).  Let  the  posterior  risk  at 

time  t  be, 

(2.2)  B(c,t)  •  »t  ♦  ct 

we  are  interested  in  a  stopping  rule  tp  for  which 

-  inf 
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where  T  la  the  class  of  all  stopping  times. 

Using  the  ides  of  Bickel  and  Tahav  (1J.  i*t  us 
consider  the  following  problem  of  testing, 

H:  u  -  u0  vs  Ai  u  -  -  bp 

with  lu^l  for  cost  of  wrong  decision  and  prior  dis¬ 
tribution  P(u  •  Uq)  »  P(u  ■  -  Up)  ■  j.  Then  the  posterior 
cost  of  wrong  decision  is 

"  lu0l  P(X(t)M  <  0  |  X(t)> 

Let 

ftfc.t)  -  Yt  ♦  et 

To  solve  the  above  Bayes  problem,  we  have  to  find  a 
stopping  rule  t*  such  that 

e<ft(c,T*n  -  Inf  e fiife.T) > 

TtT 

rram  the  property  of  S.P.ft.T  we  have  the  following 


Lawns  3.1:  The  stopping  rule  t#s  Stop  the  first 
lx (t)  |  -  a,  Whtra  "a"  la  determined  by  the  wlnlelia- 
t ion  of 

-1  -1  -1 
(uQ t  (l+e»p(2a  !u0())  ♦eafu^l  (l-2(l*«xpf2a|p0  |) )  > 


1  1 

"?  1  ,  •  .  -4/1  -  . 

X*  •  {2*>  2  l”1  /  (S-t  *a2tn  *)  (!♦*'*♦ 2»'S 
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(!♦  in  t-a"l)<J* 


!■  the  optimal  stopping  rule  fog  the  above  problem. 

UgjM  2.2: 

-1/2  _ 

<2*oJ)  /  Exilic.  t*)le*p(-u2/2aj)du  <  ElMc.^M 

Proof i  tq  is  a  Bayes  rula  for  a  syanatr ic  problem  and 
hence  is  sywnetric  in  v  .  Bence 

V*(C»V 1  -  n  for  «n  » 

Prow  It  the  leans  follow*. 

Theorem 

j  -1/2  ■  *  22 

(2»oJ>  /  E0lft(c,T  )|e*p(-u  /2oJ)dv 

2  1 
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Proof i  Let 
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where  *e*  is  the  solution  of  the  Minimisation  problem 
in  Leans  2.1.  Then  s  should  satisfy  the  relation 


We  have  by  usinq  (2.3),  (2.4)  and  Lsssaa  2.1, 

/  Ey(B(c,r*)  |exp(-u2/20p)dii 
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Let 


,  -  ,-»/»  CV3  „-l 


I(t)  •  (2-*"  ♦  2  m  i)  (1 


4/3(l  ♦  tn  (l  ♦  2*'1  ♦  z~2) 


w*  hav® 

(2.5)  /  Ey  f*(c,t*)  jexp(-u2/2o2}<fc»-  21/33  lc2/3  ■ 

/  Id)  •xpl-tl*-'*  3  ♦  2  in  *)2^3)d* 

1 

1/y  2/3 

Lcnma  2.3:  /  X <*>«xol-Y ♦  2  In  *)  )d* 
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-  I  I(«)d*  ♦  37  1/3  -12Y1/3  ♦  0(r2/3lnY). 
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Proof: 

1/Y 


♦  2  tn  i)2/1)d« 


.  ')  I(t>  (1-T  (l-l‘l  ♦  2  In  i>2/3  (I  ♦  odtll  dt 
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1/Y 

1  I 

-  12y  1/3  -  3y  1/3  Iby*  **2”1  *  Y  tn  Yd  ♦  O(D) 

Proof:  Lot  w  •  Y ♦  2  tn  «)2^3 
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•  J'J*1  y1^2  |  ♦  In  •  dw 
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lx»t 


u  •  x-t”3  ♦  2  tn  t  •  (w/y)3/2 


Trxm  Um  2.2  and  th*  Tfc*or*», 

following  corollary  to  th*  Theorem. 


«•  have  th* 


For  x  ^  y 


Corollaryi  K  >  *« 


Coo  aider  th*  caae  of  u  having  a  prior  diatribution 
of  L*b«*gu*  ataaurt.  Por  any  etopping  rule  t. 


-  1  ♦  J-2'1  ln(*/Y)  ♦  0(<w/y)'3/2  In  (w/y>) 


/R(u,r)dw 


tin 

°o~ 


27  ?  -1/2  - 


)*_l,2/2O0  du] 


Then 

/  Id)  exp(-Y(*-*~*  ♦  2  In  x)2^3)dx 


-  1'2'2  ?  in  *  -  liny  ♦  2la*,,dw  ♦ 

tn  il2/J 

0<//J  tin  I 

-  12yV3  -  J,1/s  tn  y+  J-2*1  .l/ly1/2  In  ill  ♦  nllll 
Tram  0,11,  Lnni  2.)  and  Unana  2.<  mm  qmt  tha  Thao  ran. 


>  tin  ( 2noft2) 2^2  l|l,i  2) 

°0** 

•  It  c*'1 

so  tha  Sayan  rink  with  raapact  to  Labanaua  aaaaura 
inf  I  hla.i)  dv  »  *c2/J  »  it*  c2/J 
for  all  c  >  ft. 

Kara,  S'  eJ/J  la  tha  lama?  bound  dariasd  in  111. 
Tharafora,  aa  hava  ahotm  that  Slckal  and  Tahaw ' a  lowar 
bound  cannot  ba  attalnad. 
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